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Abstract

The study of extensions of densely defined operators has led to operators whose image have a
real part that is contained wholly in the left hand side of the imaginary line of the complex plane.
This is achieved through the fact that when the numerical range of a sesquilinear operator, is not
the whole plane, then it is contained in the half plane and is given by

Re[r¢p(x) + ko ||1x]|?] = 0, for all x € D(¢) .

The discussions led to the function whose image is given be r¢(x) + kol|x||?] = 0 leading to
sesquilinear function whose associated operator is defined by equation Re (Sx,x) <
0 forall x € D(S), an operator whose real part is less than or equal to zero. This operator is
called dissipative operator. In this paper we seek to determine if there can be an extension
for our new operator given that its numerical range is a half plane.
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Definition
Let S be a linear operator. S is called a dissipative operator if
Re (Sx,x) < 0 forall x € D(S).

Our interest is to determine if there can be an extension for our new operator given that its
numerical range is a half plane.
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Theorem 1

Let B be a Banach space and T be an operator such that T € §(T). Then T is invertible if and
only if R(T) = B. Moreover,

There exists @ > 0 such that ||Tx|| = «a||x|| for all x € B

Theorem 2

Let S be a dissipative operator in H with D(S) dense in H. Then S has a closed dissipative
extension S such that

o(S) is contained in the half plane Re A < 0
Proof

S is dissipative, hence
Re (Sx,x) < 0 for all x € D(S).
Multiplying the equation by negative, we have

Re (—(Sx,x)) = 0 forall x
7€) IR ¢

Let x be such that ||x|| = 1, then ||x]|? = 1.
Adding ||x||? = 1 on both sides of inequality (2) we have
llx||?> + Re (—(Sx,x)) = ||x||* for all x € D(S).

By definition of a norm, ||x|| is real so is ||x||? hence ||x||> = Re( ||x||?). Substituting into the
above inequality, we get

Re ||x]|? + Re (—(Sx,x)) = ||x||? for all x € D(S)

or

Re (||x]|*> = (Sx,x)) = ||x||? for all x € D(S)
Since [|x]|? = (x,x) = (Ix,x) we have

Re ({Ix,x) — (Sx,x)) = ||x||* for all x € D(S).

By definition of inner product, the inequality reduces to

www.ijsac.net Page 16



International Journal of Science Arts and Commerce Vol. 11 No 6, June -2026

Re ({Ix — Sx,x)) = ||x||*> for all x € D(S),
then

Re ((I—Sx,x) = |Ix]|%

This inequality shows that the operator (I — ) is bounded below, hence theorem 1 (I —5) is
one to one. Since injectiveness implies the existence of an inverse, (I —S) has an inverse,
(I —S)71, defined on R(I — S), that D(I — S)™1) = R(I - 5).

Let T be an operator such that
T=U+S)(I—-5)"1
Letx € D(I —S)™ 1, thenx € D(I — S).

Then for x € D(I — S)~! thereisay € R(1 — s)~! such that

y=U-

For x to be acted upon by (I — S)~! we must have it being acted upon by T too. Thus

Tx=U+S)UI-S)"1x for all x€D( —
) e e e e e e (8)

This implies that the D(T) = D(I —S)™1) = R(I — S).
Thus
D(T) = R(I — 5).

1 1
Substituting vy with (I —S)"'x in equation |p(x,)| < 2B P1(x)2 P1(xp — X)7 +
UT2 %l oo oo (5)

we have
Tx
= ([
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This implies that y is in the domain of (I +S) which is also in the range of (I —
S)1x forally € (I = S). Since this is true for all x € DI —S)"1 all ye R(I —S)71, we
have that

DUI+S) =R(1—-95)1.

We now determine if T is bounded. From equation (6), Tx = (I + S)y, we have

ITxll = Iy + Sl = Iy + Syl
ITx]1? = Iy + SyII?
By the definition of a norm induced by inner product, we have
ITx]1? = Iy + SWII? = (y + Sy, ¥ + Sy).
On expansion, we get
(y+Sy,y+Sy)=(y,y) +(¥.5y) +{Sy,y) +(5y,5y).

But (y,y) = ||v||? Thus on simplification, we have

(v, 7)) +(y.Sy) +(Sy,y) +(Sy.Sy) =1yl> +(y.Sy) +(Sy.y) + lISyll*.

Since the sum of two conjugates is twice their real part, we have

Iyll> +(y,Sy)+{(Sy,y)+ ISyl = llyll* + 2 Re(Sy,y )+
ISYNZ e oo e e (7)

Since S is dissipative , Re( Sy,y ) < 0 consequently, 2Re(Sy,y ) < 0.
Thus by multiplying the inequality by negative one, we have —2Re( Sy,y ) = 0.
Substituting the inequality in right hand side of equation (7) we have
Iyll> + 2Re(Sy,y ) +lISylI* < llyll> — 2 Re(Sy,y )+ ISyll?
On expanding the middle term, we have
=lylI? =(¥.Sy) = (Sy,y )+ lISyll*
=(3y) —(¥.5y) —(Sy,y) +(Sy,5y)
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=(y—=Sy,y—Sy)
= lly = Syll?
==y ll?
Finally we have
ITx)1? < 11T =Sy |I*.

From equation (3.14), y=({I—S)"1x, hence x = (I —S)y and ||x|]| =||(I—-9S)y|l and
x> = 11 = Syl

Thus

ITx]1? < 1T = SHyll* = llx|I?.
Hence

ITx)I? < lx]|?
and

ITx|l < [lxl

ITxIl < llxIl forall x €

We now find the extension of T and determine if it is bounded.

Thus, extend T to D(T). That is, if x € D(T) then it is an accumulation point. That is there is a
sequence {x,} of elements of D(T) such that x,, — x.

By (8), Tx, is a Cauchy sequence in , since such sequences are convergent, it has a limit say z.

Define to be Tx = z. We now check that this definition is independent of the sequence chosen
and that T is an extension of T to D(T).

Let x be any element of H, then by Projection theorem x = w + y, where w € D(T) and y is
orthogonal to D(T).

Define Tx = Tw

then
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ITx]| = [ITwl < llwll < lixll

Thus T € B(H) andsince  ||Tx|| < lIx|| implies

e SRR C )

Now by (4) and (6)

x=y—=8Sy,Tx=y+

Adding these two we have 2y = x + Tx and subtracting the two, we have 2S5y = Tx — x.
Thus, we have the system

2y =x+Tx,25y =Tx —

From 2y = x + Tx, we have by linearity if (I +T) that 2y = (I + T)x, we therefore
substitute for y using equation (3.14),y = (I — S)"x to get

2(1 —S) 'x = (I + T)x, thus

2(1 — §)™1

implies that (I + T) has an inverse, thus invertible, consequently, one to one operator.
Also, from the relation above, we get that
R(I+T) = R(1-5"1YH = DA -5) = D(S).

Therefore, R(I + T) = D(S).

Now D((I+T)™ ) =R(UI+T) = D(S).

Likewise, from equation (11), 2Sy = Tx — x can be written as 2S5y = (T — I)x. Substituting for
yusing y= (I —S5)"1x to get

25(1 —S) 'x = (T — Dx, thus
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25(1 — §)™t
(AL 5 T USRI € & )

Dividing equation (13) by (12), we get
25(1 —S)t T-1
20—-8)1 I+T

Hence

g T—1

14T
S
= (T
A candidate for the extension S is
S=(F-1)(+

/1) NN ¢ 1)

with D(S) = R(I + T).

Just like in equation (8) where we had to validate it after confirming that (I + T) is one to one
hence is invertible, we cannot assume that (15) holds without determining the inevitability of
I+71.

Let x € H such that

(I+T)x =
0.. R ¢ )
Let y be any element of H;
setz=(I+T)ythenz=y+Ty
andz —y = Ty.
Applying the norm function, we get ||z — y|| = ||’I~’y||, By triangle inequality for norm, we have
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lz=yll = | Ty] < |yl - .

Due to boundedness of T in (17) we have

Iz =yl = [|Ty[| < [|T[[Ilyll < llyl

Hence ||z — y|| < ||yl

For some a apositive real number ||z —y + ax| < ||y — ax]|.

Factorizing -1 on the left hand side and squaring both sides, we get

lz—y +ax|l* < |ly —ax||”
lz— (@ —ax)l? < lly — ax|l?

We the expand the inequality on both sides by using definition of the norm generated by an inner
product to get

(z—(-ax),z—(—ax) < |ly — ax|®
On expansion, we get

(z,z)—(z,y—ax)—(y—ax,z)+{y—ax,y—ax) < |y — ax||?
Which reduces to

Izl — 2Re(z,y — ax) + lly — ax||* < |ly — ax||?

lz]|? — 2Re{z,y —ax) < 0

lz||? — 2Re{z,y)+ 2Re{z,ax)< 0

lz]|> — 2Re{z,y)+ 2aRe{z, x)< 0.

Dividing through by o gives
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z||> 2Re{z,
Izl _ ;Y)+

2R <
- e( z, x)< 0

letting &« = oo this gives

2Re(z, x) < 0 which reduces to

Re{z,x)< 0 z€ R(I+T).

Since R(1+T) 2 R(I+T) = D(T)
We see that R(I + T) is dense in H
Hence there is a sequence {z,,} of elements in R( + T) such that z, - x € H
Thus (18) implies Re ||x||? < 0 which shows that x = 0
Thus the operator 0 given by (14) is well-defined and it is clearly an extension of S.
We show that § is closed.
Suppose {x,,} is a sequence of elements D(S) = R(I + T) such that
xp = (1 +T)wy,
and

wy, = (1 + T)_lxn.
By equation (14)

Sxp = (T =1)wy,.

Adding x,, = w,, + Tw,, to —Sx, =Tw, —w, yields x,, — Sx, = 2w,,.

Hence

2wy, =x, —Sx, 2 x—h as n—- o

which is equivalent to
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2w, =(I —=S)x, > x—h as n - .
Without loss of generality w,, > x —h as n - o

From the above equation we have w,, = (I + 'T")_lxn we manipulate it to be x_n = (I + T)w,,.
Multiplying x, = (I + T) wyand Sx, = (T —1)w, by 2, we get 2x, =2(I + T)wyand
2Tx, = 2(T = wy,

Since T € B(H), this implies

2%, =2(I+ T)wp » I+ T)(x — h)

28x, =2(T-1)w, » (T-D(x—h)
from which we conclude

2x = (I+T)(x—h),2h = (T —I)(x — h) since x, > x and Sx, > h
In particular, we see that

x ER(I+T)=D(),

and

Sx=T-N(I+T) x =2 -Dx-h)=h
hence S is a closed operator.
We also show that S is a dissipative operator.
Forw=(1+7")_1x , x=U+Dw

Sx=(T-DI+T)"'x =T -Dw.

Therefore,

(Sx,x)={(T-Dw, (I +T)w )}

= ”TW”Z —w,Tw) +(Tw,w) — |lw]%
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Since a norm is always real and range of an inner product is in a complex field (because we are
working with complex inner product space)

Re(Sx,x ) = ||[Tw||* — Iwliz < |F||IwliZ = Iwli2 = (|T|* - 1) lIwll2.
By (3)

Re(Sx,x) = ||7~"w||2 — [Iwl||? <
0 e e e e e et et et e e (19)

Finally, we must verify that A € p(S) for Re A > 0. That is, the resolvent set is the positive
half plane excluding the vertical imaginary axis. If that is the case, then 1 € a(§) will be
contained in the negative half plane including the vertical axis. This is because the two sets are
disjoint and one is the complement of the other and also due to the fact that 1 € ¢ (S) is closed
and A € p(S) is open.

Re {{ (§—ADx,x)} = Re((Sx —Ax,x) = Re(Sx,x) — Re(Ax,x) = Re (Sx,x) —
Re(A(x, x))

= Re(Sx,x ) — Re A||x]|%.

Since S is dissipative we have

Re {{(S§— AM)x,x )} < —(Re DIx]I?.
Multiplying through by -1, we get
Re Allx|I? < —Re {((§ — AD)x,x)} < (S — ADx]Ix]l.

Hence ||(S — ADx||llx|l = ReAllx||? .

This implies that (§ — AI) is bounded below hence one to one for Re A > 0.
Thus all we need to show is that R(§ — /'ll) = H for Red > 0.
Now

G- =[U-DT =+ +T)".

It is possible to solve

(S§—A)x =
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If and only if one can solve [(I — )T — (I + D](I + T)_lx which is equivalent to

[I-DT-U+D]w =

wherew = (I + T")_lx.
Equation (21) can be solved for all z € H when Re 4 > 0.

Dividing (21) by [ — 1 we get

[T’ I+/’l] oz
—AlY T 12

This is obvious forall A = 1

If A # 1, all we need to note is that for Re 4 > 0,

I+/1>
-2

Since |||\, is bounded , that is, ||T|| < 1, % is in p(T)

hence (21) can be solved forall z € H.O

If W(T) is a half-plane then Theorem 2 gives a closed extension T of T satisfying

o(T) s w(T) s w(D).

In fact, all we need to do is to define S by 1 for appropriate 7, k then extend S to S by as
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S =1rT — kI

The extension T define by T = S%kl has all the desired properties. Hence theorem 2 implies the

following results.

Theorem 3

Let T be a densely defined linear operator on H such that W (T) is a half - plane. Then T has a
closed extension T satisfying

o(T) c w(T) €< W (D).

Proof

If T be a densely defined linear operator on H such that W (T) is a half - plane, by theorem 1, T
has a closed extension such that the resolvent set is in a half plane which is a complement of the
numerical range.

This implies that the spectrum of this operator is in the other half plane, Re A < 0 hence
contained in the W (T) € W (T).
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